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Abstract-Numerical studies are reported for three-dimensional steady natural convection in liquid- 
saturated porous media enclosed between concentric inclined cylinders. The inner cylinder is kept at 
constant heat flux or is isothermal, while the outer cylinder is kept isothermal and the end plates insulated. 
Numerical studies range for: Rayleigh number, Ru d IO’; radius ratio, 1 C R., d 10; aspect ratio, 
1 C A G 15; angle of inclination, 4. from 0” to 90”. Numerical results show that, there exists a critical 
aspect ratio, for which the angle of inclination has no effect on the heat transfer. Good agreements between 

numerical results and experimental values have been ascertained for mean Nusselt number, Nh. 

1. INTRODUCTION 

NAIL convection in porous annuli has been pre- 
viously studied mostly for vertical and horizontal 
annuli. Only a few studies of natural convection in 
inclined porous annuli have been reported in the 
literature due to its complexity for threedimensional 
flow. The three-dimensional natural convection in 
liqgd-saturated porous media is important in numer- 
ous technological applications, including energy stor- 
age, heat pipes, geothermal systems and drying pro- 
cesses. Combamous and Bories [I], Cheng (21 and 
Wang and Zhang [3] have provided reviews of the 
state-of-the-art on natural convection in liquid- 
saturated porous media. Three-dimensional natural 
convection heat transfer in inclined concentric annuli 
is a subject which needs urgent investigation. Takata 
ef al. [4, 5] reported some results on such an investi- 
gation, but they studied only one geometrical size and 
missed out some terms in their mathematical model. 

We had reported our investigations on transient 
and steady-state natural convection in vertical [3] and 
horizontal [6] liquid-saturated porous annuli. This 

paper reports work extended to study threedimen- 
sional steady natural convection in an inclined liquid- 
saturated porous annulus for comparatively wide 
ranges of aspect ratio, radius ratio, angle of incli- 
nation, Rayleigh number, and the mutual et&&s of 
these parameters on flow and heat transfer. The pre- 
dicted A’%, agreed quite well with measured values. 

2. MATHEMATICAL FORMULATION 

Consider a liquid-saturated porous medium 
bounded between two concentric inclined cylinders of 
radii ri and r,, respectively. The cylinders are imper- 
meable, with the inner cylinder maintained at either 
constant uniform temperature, Ti, or constant uni- 
form heat flux, qi, and the outer cylinder maintained 
at constant uniform temperature, TO, while both end 
wails are insulated. The configuration of the system is 
shown in Fig. 1. As a result of the temperature differ- 
ence, fluid motion will be induced in the medium. 

The governing equations for steady natural con- 
vection with the Boussinesq and Darcy flow approxi- 

FIG. 1. Analytical model. 
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NOMENCLATURE 

aspect ratio, l[(r, - ri) Greek symbols 
specific heat at constant pressure 
gravitational acceleration 
Grashof number 
permeability 
axial length of aMulus 
Nusselt number 
mean Nusselt number 
Prandtl number 
heat flux 
coordinates 
Rayleigh number 

coefficient of thermal expansion 
porosity 
thermal conductivity 
viscosity 
density 
angle of inclination 
stream function. 

radius ratio, r,/ri 
temperature 
velocity vector 
Z/ri [dimensionless]. 

Subscripts 
f fluid 
i inner surface 
0 outer surface. 

mations are given as 

V*v=O 

-vpi“G--(J.i~lkr)v = 0 (2) 

i?V2T = &Jr * (VT) (3) 

Pf = PoU -MT- To% (4) 

The apparent thermal conductivity, A+, is given as 

A* = &&+(I -&)a, (5) VZ@ +?@ (lOI 
and the volumetric force vector, C, as 

G- where 

V2 

-plgcosecoscP,plgsinecos~, -Pflsinf$ 
and the Rayleigh number, Ra, is given as 

where v is the velocity vector, T the tem~rature, c, 
the specific heat, K the permeabihty, p the density, 
p the viscosity, E the porosity, and flf the thermat 
expansion coefficient of fluid, with subscripts ‘f’ and 
‘s’ the fluid and solid, respectively. 

The stream function, $, is defined as 

v=VxJI and V-+=0. (6) 

Using dimensiooi~s variables, R = riri, 2 = Z/Q, 
5 = WP&‘.A y: = ww, To = ~~/(~~~~, y; = 
Jl,/(lv,), and 0 = (T- T,)/(q - T,), then equations 
(l)--(4) can be transformed to the foliowing dimen- 
sionless equations : 

These dimensionless equations also apply for the 
prescribed unifo~ heat flux at the inner cylinder sur- 
face, qi, with the reference temperature difference 
defined as 

(Ti - To) = qi(r, -r,)/i.*. 

In such a case, the Rayleigh number based on heat 
flux will appear in equations (7)-(g), i.e. 

Ra = g~~p~p~p~{r~ -ri~2Kq~~t~*~~) (121 

and the dimensionless temperature excess, 0 = 
(T- rJ/( I”i - T,), is given as 

0 = n*(r-T,)/fqi~r~-ri)J. 

The relevant hydrodynamic boundary conditions 
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are 

WY,) -=Yg=Yt=O atR=land% 
dR 

a(y,)=y:=Y,=O ate=Oandrc 
ae 

‘(*‘) Y Ye=:0 atZ=Oandl 
--z-= I= 

(13) 

and the thermal boundary conditions are 

0x1 atR=l 

O-0 atR=% 1 
a0 
z=O ate=Oandrc . 

a0 
z-0 atZ=Oandl. 

i 

The local Nusselt numbers for the inner and outer 
cylinder surfaces are defined respectively as 

(13 

and 

The mean Nusselt number at each surface is given by 

Nui dtI dZ (171 

or 

Nu* dt? dZ. (18) 

3. NUMERICAL CALCULATION 

Finite differential equations are derived from equa- 
tions (7) to (10) and solved by the method of suc- 
cessive over relaxation @OR). The first and second 
derivatives were approximate by three-point cen- 

tral difference expressions, which have second-order 
accuracy. 

To judge the iterative convergence of the solution, 
a criterion 

[1-C”- i/C’], c si (19) 

was used at every grid point for both 0 and the stream 
function, $. A suitable value for sr was taken as 10m3, 
which provides enough convergence accuracy. 

A mesh of 1 I x 19 x 33 was chosen for low Rayleigh 
numbers, and a mesh of 21 x 37 x 65 was chosen for 
high Rayleigh numbers. Discussions for the effects of 
such mesh sizes, relaxation parameters, convergence 
criterion, etc. on accuracy and computational time are 
presented in ref. [7]. 

Numerical results have been obtained for : Ra, up to 
103; aspect ratio, A = f/(re-ri), from 1 to 15; radius 
ratio, & (=ro -ri), from 1 to 10 ; and angle of incli- 
nation, 4, from 0” to 90”. 

It is clear that v = 0 at both ends and so the velocity 
and temperature distributions will differ with different 
cross-sections. Figure 2 shows the velocity distri- 
butions and isotherms 0 = 0,0.2,0.4,0.6,0.8 and 1.0 
at the mid-plane (Z = OS) for three aspect ratios, 
from which we note that the aspect ratio, R, only 
effects velocity and temperature distributions at the 
mid-plane if it exceeds 4. Figure 3 shows that the 
isotherms shift towards the hot wall and so enhance 
heat transfer as R, increases. 

The predicted effects of Ru on NUi and Nu, are 
given in Fig. 4, from which the effect of cylindrical 
coordinate 0 and Z seems to be increased as Ra 
increases. The maximum value of N& for the inner 
cylinder appears at Z = 0 and B = 180*, while the 
minimum value appears at 2 = 1 and B = 0”. The 
maximum and minimum Nu, for the outer cylinder 
appear at just the opposite positions to that for the 
inner cylinder. 

Figure 5 shows the effect of & on local Nusselt 
numbers. NuO increases with increasing fl and Z, while 
Nui increases with decreasing Z. Such variations will 
be more obvious as & increases. Figure 6 shows the 
effect of aspect ratio, A, on N& and Nu,. The end 
effect on the inner and outer local Nusselt numbers 
decreases as aspect ratio increases. 

(bla=4 td A=15 
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FIG. 3. Effect of radius ratio, R,,, on the velocity field and the isotherms for the case: Ra = NO, A = 4, 
d, = 30” and 2 = 0.5. 

Figure 7 shows the mutual effects of aspect ratio, increasing I& and Rayfeigh number has no effect on 
A, and angle of inclination, 4, on the mean Nussett the critical aspect ratio. 
number for the inner cylinder, Nu,,,,+ We note that 
Nu,,,~ decreases as 4 increases for A > 4, and then 
increases as d increases for A < 4. So, there exists 

4. EXPERIMENTAL CHECK 

a critical aspect ratio, A,, for which the angle of The experimental apparatus is designed and set up, 
inclination d, has no effect on heat transfer. Numerical as reported in refs. [3,6), to conduct experiments for 
calculation further shows that A, will decrease with checking numerical results for natural convection in a 

B(deg) 

(b) /?u=SG 

e (QPI Bideg) 

w ml = 300 (d)Ru=300 

FIG. 4. The et&.% of Ra on local Nussett numbers, iV% and I%$,, for the case : R, = 5, A = 14.6 and (b = 30”. 
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FIG. 5. The effect of radius ratio, &; on N& and Nu, for the case: Ru = 100, A = 4 and $ = 30”. 
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FIG. 6. The effect of aspectmtio, A, on Nu, and Nu, for the case: Ra = 100, & = 2 and Q = 45”. 
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FIG. 7. The mutual effects of aspect ratio and angle of FIG. 9. The effects of Ru and angle of inclination, 4, on Nu,,! 
inclination on Nu,,, for the case: Ra = 100 and R, = 2. for the case: R, = 5 and A = 14.6. 

vertical (4 = 900) and in a horizontal (4 = 0”) liquid- 
saturated porous annulus, respectively. The same 
apparatus was used to obtain experimental data for 
4 = 30”, 45” and 60” also. The outer cylinder was kept 
isothermal, T,, = const., while the inner cylinder was 
heated uniformly with constant heat flux, qi. 

Figure 8 shows the measured Nu,, compared with 
numerically predicted values for the case : A = 3 and 
R. = 5. Since A = 3 is near A,,, which will decrease 
from 4 for & = 2 with increasing I&, measured values 
of Nu,,,.~ make clear that the angle of inclination, 4, 
does not affect NU,.i. However, as shown in Fig. 9, 
for the case A = 14.55 and R, = 5, i.e. A > A,, t# 
affects NU,.i, such that the mean N&It number for 
the inner cylinder decreases with an increase in the 
angle of inclination. The measured values agree with 
the predicted values quite well as shown in both Figs. 
8 and 9. 

5. CONCLUSIONS 

Numerical and experimental results obtained for 
natural convection in an inclined liquid-saturated 

9- 

10 400 300 

FIG. 8. Nu,, =f(Ru) for the case: R, = 5 and A = 3. 

porous annulus can be summarized as follows. 

(1) Mean Nusselt numbers, NU,,i and Nu,,,,, always 
increase with an increase in Ra for any angle of 
inclination. 

(2) Both Ntci and Nu,, vary with 8 and Z. For 
0” c I$ < 90”, the maximum value of Nui for the inner 
cylinder and the minimum value of Nu, for the outer 
cylinder appear at fl= 180” and 2 = 0 ; the minimum 
value of Nui for the inner cylinder and the maximum 
value of Nu, for the outer cylinder appear at 0 = 0” 
andZ= 1. 

(3) There exists a critical aspect ratio, A,,, for which 
the angle of inclination, 4, has no effect on heat trans- 
fer. For A c A,,, the mean Nusselt number, Nui, 
increases with an increase in angle of inclination. For 
A > A,, Nu, decreases as 4 increases. We find that the 
critical aspect ratio decreases as radius ratio increases 
and Rayleigh number has no effect on A,,. This dis- 
covery supported by both numerical and experimental 
data will be valuable to clarify the actual effect of 
4 on the natural convection in an inclined liquid- 
saturated porous annulus. 

(4) The effects of 0 and Z on the local Nusselt 
number at the outer cylinder, Nu,, increase as the 
radius ratio, Ro, increases, while the effect of Z on NUi 
for the inner cylinder decreases with an increase in the 
radius ratio. 

(5) Experiments have been carried out to check 
the numerical results. The measured values for mean 
Nusselt numbers on the inner cylinder, NUi, agree with 
the numerical values quite well for the entire range of 
Ra and 4 studied. 
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CONVECTION NATURELLE DANS DES MILIEUX PGREUX SATURES DE LIQUIDE 
ENTRE CYLINDRES CONCENTRIQUES INCLINES 

R&u&-On Ctudie num&iquement la convection naturelle permanente dans un milieu poreux saturi de 
hquide entre des cylindrea concentriques inch&s. Le cylindre interieur est maintenu a flux thermique ou a 
temfirature uniforme, tandis que Ie cylindre exteme est isotherme et que 1s extr&rnitCs planes sont isoRes. 
Les Ctudes nmn&iques concement : nombre de Rayleigh, Ra < Id ; rapport des rayons 1 6 & < 10 ; 
rapport de forme I < A 6 IS; angle d’inciinaison Q de 0” a 90”. Les r&hats montrent qu’il existe un 
rapport de forme critique pour lequel I’angle d’inclinaison n’a pas d’effet sur le transfert de chakur. 
On trouve un bon accord entre les calculs et 1s don&s exp&imentales pour le nombre de Nusselt 

moyen, Nk. 

NATURLICHE KONVEKTION IN FLUSSIGKEITSGESATTIGTEN PORGSEN MEDIEN 
ZWISCHEN KONZENT’RISCHEN GENEIGTEN ZYLINDERN 

Zllumawnfuwng-Es wird ii& die numerische Untersuchung der dreidimensionalen stationiiren nattir- 
lichen Konvektion in fliissigkeitsges8ttigten por&en Medien xwischen konxentrischen geneigten Zylindem 
berichtet. Der innere Zylinder wird enhveder mit konstanter Wibmestromdichte beaufschlagt, oder er ist 
auf konstanter Temperatur, wiihrend der fu&re Zylinder stets isotherm und die End&hen ideal isoliert 
sind. Die numerischen Untersuchungen decken folgende Bereiche ab : Rayleigh-Zahl, Ra Q 10’ ; Radien- 
verhiiltnis, 1 < & C 10; Seitenvertiltnis, 1 < A d 15; Neigungswinkel, 0’ C d Q 90’. Es ergibt sich ein 
kritisches Seitenverhitltnis, bei dem der Neigungswinkel keinen EinfluB auf den WPrmeiibergang hat. Bei 
mittlerer Nusselt-Zahl, Nu,, stimmen die numerischen Ergebnisse gut mit experimentellen Werten i&rein. 

ECfECfBEHHAII KOHBEKI@iJI B HACbIIBEHHbIX ~HArcocraK, HOPHCfbIX 
CPE&AX ME7KBY HAKJIOHHbIMH KOHIJEHTPHHECKHMH IDUIHHJIPAMH 


